Abstract--In this paper, a recent operating technique that consists of using perforator instead of axial flaps in reconstructive surgery is investigated from the hemodynamic point of view. By means of a mathematical modeling resting on the fluid dynamical aspects of the technique, we describe the hemodynamic enhancements with respects to the classical surgical method. Finally, we report some clinical data showing how the model projections meet the clinical findings.
INTRODUCTION
The aim of reconstructive plastic surgery is the treatment of tissue defects using transplants of various tissues, including mainly skin, but also muscles, bones, and so on. Such transplants can survive either on nutrients from the bed of the recipient site, after having been completely detached from the donor site, or rely for survival on their own vessels located in the so-called pediele. The former are known as grafts, the latter are called flaps [1] . There is a wide variety of flaps, and they are used since antiquity, as far as 600 BC [2] , but until the seventies [3] , the knowledge about the precise anatomy and physiology, i.e., structure and function, was incomplete, and their clinical use was based on mere experience. Since those years, many studies have elucidated the fine anatomy of vasculature of skin, superficial muscles, and bones and a wide variety of flaps have been planned and used on the basis of such knowledge, having the advantage of a scientific basis for their survival, higher viability, higher versatility, such expanding Tile authors thankfully acknowledge Dr. M. Cavazzuti for performing ECD scanning of perforators and vessels in our patients. This work has been partially supported by a INDAM-GNFM research grant. Typeset by AyM, S-TEX enormously the possibility of reconstruction [2] . Such flaps, termed "axial flaps" [4] , possess a known and anatomically identifiable vascular pedicle, i.e., an artery and the corresponding vein or veins, which warrants the inflow and outflow on blood in the vascular tree of the tissues of the flap, and therefore, the survivai of such tissues. Among the advantages of such flaps is the possibility of detaching completely these flaps from the body, transfer it with no spatial limits where it is necessary and connect the artery and the vein of the transplant to, respectively, an artery and a vein near the recipient site by means of microsurgical techniques, thus allowing survival of the flap [5] . Basically, an axial flaps is a block of tissue, e.g., skin, containing a section of the vascular tree that can guarantee its survival [6] . That section of vascular tree starts with segmental or regional vessels and its arborisation often supports multiple tissues; for example, the skin of various regions of the body has its source vessels which are the nutrient vessels of superficial muscles, therefore, it is necessary to harvest muscle and skin to warrant survival of skin.
Recently, new flaps, called perforator flaps, have been studied and used in order to decrease the morbidity of donor sites [7, 8] . The idea is to harvest only the tissue we need for reconstruction, identify the small peripheral pedicle, follow this pedicle from periphery to the source vessels, ligating all branching vessels, and leaving in situ all other tissues. They are called "perforator" flaps because blood reaches skin passing from source vessels through muscles and from here some vessels branch from muscular ones "perforating" muscle fascia [9] .
The basis of this study is the observation that the surgical harvest of these flaps realizes an "artificial" structure of the section of vascular tree included in perforator flaps, which might imply a change in hemodynamic parameters. In fact, in the normal vascular tree, on the arterial side, the calibre of vessels decreases from center to periphery, while the cross section of the whole segment increases [10] , so that velocity decreases and flow is subdivided to peripheral tissues. On the contrary, in perforator flaps, there is a single vessel on the arterial side whose calibre decreases towards periphery, but, since every branches is closed surgically for a long way, the cross-section of the segment also decreases up to the very periphery, and it is presumable that velocity increases and that all the blood entering the regional artery and normally supplying more tissues will reach skin. An analogous but reverse scheme may be considered for the venous side.
MATHEMATICAL MODEL
In this section, we introduce a mathematical model describing the phenomenon outlined in the introduction. The arterial side of vascular circuit of an axial flap is modelled as a pipe network of variable section. The source vessel of largest section starts from the peripheral pedicle, then branches in a number of vessels that become smaller and smaller in section moving from the source vessel to the capillary bed. We identify the inflow section S net of the network as the area of the source vessel's transverse section and its outflow section .q, net --o as tile sum of the areas of all the arterioles cross-sections.
The artificial vascular structure realized in a perforator flap is a single, backbone pipe obtained following the main vessel from the segmental artery, then excluding the branching vessels when moving toward the capillary bed. The inflow section in the perforator flap S per coincides with that of the axial (network) flap SI ~et. On the contrary, the perforator's outflow section S per, being the cross section's area of a single vessel at tile network periphery, is smaller than S~o 'et. From the modelling point of view, the picture results in a single pipe-like vessel, with decreasing cross-section from the inlet to the outlet and a total length of about 10 cm (see Figure 1) .
Both the natural and the artificial circuits reach the capillary bed, then they continue on the venous side with a similar geometric structure but with different hemodynamic behavior. In this paper, we restrict our attention to the arterial circuit before the capillary bed.
The general hemodynamic problem appears to be formidable. The equations of motion of the blood must, in general, be coupled with those of the vessel's walls to get a set of nonlinear partial differential equations. The system has to be closed with suitable constitutive equations, both for the blood and for the walls, identifying the response of these materials to dynamic stresses. Finally, the system must be supplemented with proper initial and boundary conditions, including those at the inlet and outlet sections. In order to get information useful in practical problems, we are obliged to make some sort of approximation to the whole system, the kind of approximation depending on the particular situation, specifically on which aspect of the complex dynamical problem we are interested in. Of course, any step in the approximating procedure has to be justified, to a certain extent, by clinical measurements. Generally, in modelling such a complex biomechanical problem, we are faced with different kind of approximations.
(i) Geometrical assumptions. The geometry of a vascular tree is pretty irregular, depending on its position in the body and on the presence of vascular pathologies. Moreover, the geometry of the flow domain is itself an unknown, depending dynamically on the motion of the wall, the latter being on its own a function of the blood motion. (ii) Constitutive assumptions. The rheological properties both of blood and of vessels are complex. The blood exhibits a non-Newtonian behavior, with a nonlinear dependence of its material parameters, such as viscosity, on the strain rate. In addition, its dynamic response is also a function of the hematocrit, the percentage of the total volume occupied by the cells, that varies with temperature I and with disease state, if any. Similarly, the material properties of the wall can be of very complex nature (elastic, viscoelastic, plastic), again depending on the site and on the health state. (iii) Dynamic assumptions. According to the particular situation, approximations can be made on the nature of motion, i.e., it can be assumed to be steady rather than pulsatile, laminar rather than turbulent, etc.
From the physical point of view, the surgical technique we study here concerns the building of an artificial hemodynamieal arrangement, consisting to substitute a single pipe-like vessel (as in the perforator flap) to a many-branches network of vessels (as in the axial flap). The main purpose in the mathematical modelling of such a physical situation is to show that it has two main hemodynamical advantages, (a) the velocity of the blood flow feeding the peripheral tissue is higher than in the normal tree; (b) the rate of flow does not suffer a significant decrease.
The first issue will be analyzed starting from the basic hemodynamic law stating that the pressure drop Ap across any vessel segment is given by the rate of blood flow Q times the 1In general, any living process occurs far from thermal equilibrium, so that also thermodynamics should be added to the problem setting. According to (2.1), the rate of flow in a whole vascular district such as a flap will be given by the ratio of the total pressure drop Pin -Pout and the sum of fl'ictional resistances in all segments of the circuit vessels. Since the pressure in the capillary bed is little influenced by the cardiac activity, remaining in osmotic equilibrium with the interstitial liquid at about 20-30 mm Hg, the blood flow in the flap, driven by the pressure at the peripheric pedicle, in essentially depending on the integrated frictional resistance ft of the flap's vascular circuit.
In general, the total frictional resistance of a circuit is given by
= fs + 5, (2.2)
where f~ is the total resistance of the vessels in series and fp is the total resistance of the vessels in parallel. While fs is simply the sum of resistances in each single vessel in series, fp is less than the resistance of each segment in parallel. A decrease in the total frictional resistance in a circulatory district subject to a prescribed pressure gradient results in an increase of the flow rate.
In the sequel, we develop simple models to relate the frictional resistance f of a vessel to its geometric characteristic and to the flow parameters valid in the specific problem at hand. Then, we exploit the energy relation for the blood motion to justify the above mentioned points (a) and (b).
As a first step in the modelling, we assume the perforator to be a horizontal circular cylindrical rigid pipe, thus neglecting at this level of modelling the elasticity of the vessel's wall. Successively, we'll take into account the wall's compliance. The clinical data (see Table 1 ) show that the vessel's radius a(x) varies of about 2 mm over the vessel's length L, whose order of magnitude is 10 cm.
Thus, it is reasonable to assume that the slope da is "small" The equations of blood motion can ~xx be written as
where p is the density, u represent the velocity field, F the body force and o" the stress tensor. Equation (2.3)2 expresses the incompressibility of blood. A constitutive law for the stress tensor has been proposed [11] of the form,
where p is the pressure, D is the strain rate tensor of components,
and # is the bulk viscosity. From (2.4), it is apparent the non-Newtonian nature of the blood, for the viscosity coefficient is not constant, but depends on the strain through the invariant quantity,
and on the yield stress in shear %. The blood, in fact, has a finite yield stress [12] , that is, it behaves like an elastic solid at a vanishing shear rate. In a simple shear experiment, the constitutive law (2.4) reduces to the well known Casson's equation [13] ,
where 7 is the shear stress, 4/the shear strain rate, and 7/a constant (Casson's viscosity coefficient). Equation (2.6) has to be compared with the analogous relation valid for Newtonian fluids,
T = ,+. (2.7)
When we look at the laminar flow of blood in a tube, the shear strain rate is ") = d~ h-7~, r being the radial distance fi'om the tube axis. In small arteries, like those we are considering, its value is about 2000 sec -1, high enough for the Newtonian assumption to be valid for normal blood, at least in the neighborhood of the vessel wall. Toward the center of the tube, however, 4/tends to zero, and the non-Newtonian feature of the blood become more evident.
Assuming, to start with, a Newtonian constitutive relation for the blood, that is, # constant in (2.4), the equations of motion (2.3), written in a straight circular cylinder, read force" # ~-~y -g-~-j. According to the specific problem, not all the forces have the same relevance all the time, so that the relative weights of the various terms have to be evaluated in order to simplify the mathematical model [11] . The transient and the viscous force terms have respectively the order of magnitude of pwU and of #U/a 2, being U a characteristic velocity, co a characteristic frequency, and a the radius of the tube. Table 1 furnish a maximum value of the Reynolds number Re of about 300, while the maximum value of the Womersley number Wo is about 2. In these conditions, it is reasonable [14] to look at steady, fully-developed laminar solutions of equations (2.8) 
(2.11)
Such a solution is the Hagen-Poiseuille flow, a 2 --r 2 dp w --4p dx' (2.12) where the minus sign stays for the flow follows the descending direction of pressure gradient. Integrating (2.12) over the tube section we get the correspondent rate of flow through the tube, (0-7ca 4 dp
The average velocity ~? on the tube section is given by the ratio of (~ and the section surface, a 2 dp f-7ra4.
The Hagen-Poiseuille model thus furnishes an estimate, on a vessel segment, of the frictional resistance in terms of the geometric characteristics of the vessel and of the blood viscosity. In particular, it shows f is critically depending on the vessel's radius (more than on its length L), for a small decrease of a results in a large increase of f.
In order to model the frictional resistance in a complex network of vessels, we are led to consider an energy principle for a vessels' circuit.
Denote by f~ the domain occupied by the fluid, bounded by the lateral wall 0f~ and by a certain .18) states that the rate of change of kinetic energy in ~2 is equal to the power expended on the sections SJ by the surface forces minus the flux of kinetic energy through the Sis (j = 1,..., n) minus the stress power (heat dissipation) in fL Since n represents a unit vector normal to SJ in the direction external to ft, each term f~, plul2(u • n) dS at r.h.s, of (2.18) will be positive if u "enters" ~t through SJ, negative if u "leaves" f~ through SJ.
As an example, we apply equation (2.18) to the flow (2.12). Since u is steady, the 1.h.s. of (2.18) vanishes, while the two contributions to the energy flux through the sections Sin and So,t vanish because u does not depend on x, each section has the same measure and the normal vector n at Sin is opposite to that at Sou t. Then, branches of the main pedicle are perfused, the local disturbances at the bifurcation regions raise resistance [15, 16] . In fact, assuming that the entry flow at the perforator pedicle has the HagenPoiseuille profile, in correspondence of a bifurcation the flows in the daughter channels, even assumed still steady, develop a boundary layer and secondary motions, with the maximum of axial velocity near the bifurcation corner's wall. As a consequence, the energy loss increases. For example, the stress power, /a~" DdV= 2. fa IlDll'dV (2.22) that has a definite sign (it is always a dissipative term) will increase because of the presence of the transverse velocity components. An estimate of (2.22) is obtained [17] assuming that the secondary velocity components u and v are small compared with the axial component w, and that the axial derivatives o are small with respect to the transverse ones o and o. With these approximations, the stress power is
Or/ + to be compared with the same term in (2.19) .
However, the energy loss occurring at bifurcation regions is also function of Reynolds number, so that the pressure-flow relationship can be expressed [11] as a generalization of (2.16) in the form, The factor/C is the ratio of the dissipation which would exist if the Hagen-Poiseuille flow were present in the whole vessels district to the dissipation in the bifurcated pipe. It is a dimensionless function of Re and its value, according to the above discussion, is always less than 1.
In summary, in the "natural" hemodynamic circuit the total flow rate (~net results from the sum of the flow rate Qi through each single branch, weighted by a suitable factor/(2i that takes account of the increase in energy dissipation due to the bifurcation, .
7r [ (a4~+~2(a4 ~ ]
The flow rate (~net has to be compared with the flow rate (~per in the "artificial" circuit where all the lateral branches have been ligated corresponding to the same pressure gradient (the pressure at the vascular pedicle minus that at the capillary bed),
(Pout Pin), (2.26)
Qper8ktL j where j denotes one of the vessels indexed in equation (2.25) (see Figure 1) . Moreover, the average velocity of the blood exiting the natural flap (the flow rate divided by the total outflow cross section) is less than the correspondent outflow blood velocity in the perforator flap. This result will be compared with the "in vivo" measurements reported in next section.
We conclude the present section observing that, if the perforator vessel were a rigid pipe of constant transverse section, the rate of flow would be constant across its length. However, a decrease in tile vessel diameter is observed (see Table 1 ). This will reflect in the expression for the flow rate, as we shall see in the sequel.
We assume the perforator to be a straight pipe of circular transverse section, with a deformable wall and suppose the wall deforms only in the radial direction, due to the blood pressure and to its elastic response. In this way, the local radius a of the pipe is a function a(p,x) of the pressure p and of the distance x along the pipe axis. Moreover, we assume the pressure varies only in the longitudinal pipe direction, that is p = p(x). In these hypotheses, the flow region is ft = {(r, 0,x) :0 < r < a(x), 0 ~ 0 < 27r; 0 < x < L} and the equations of motion (2. 0) and observing (see Table 1 ) that oa is "small", from (2.27), averaging over the transverse pipe section, to obtain [18] a quasi-lD equation for the average blood velocity in the axial direction,
where w is the shear stress (2.7) at the vessel wall. The last term represents an averaged friction resulting from the blood-wall interaction. It can in principle be modelled in many different ways. However, it is worth to observe that, if the Reynolds number Re is sufficiently small, as it is in our case, the shear stress evaluated over the Hagen-Poiseuille flow is a solution to (2.28). This means that we can consider (2.12) as a zeroth-order approximation for the flow in a deformable 0~ Hence, we can rewrite (2.13) as pipe in the expansion parameter ~.
a4(x ) dp _ 8/~) _ const. 
dx 7r
If a linear form [19] of the tube state equation is assumed, a(p) = ao + c~p (2.30) where c~ is the (constant) vessel's compliance, the equation (2.29) can be easily integrated [11] between x = 0 and x = L to get
oa is exactly zero, while in genObserve that the latter equation coincides with (2.16) when eral the flow rate given by (2.13) is smaller than the corresponding one for the rigid, constant radius, pipe.
CLINICAL FINDINGS
Three patients were enrolled in the study. They were all female. Two of them were operated for breast reconstruction using perforator flap. A DIEP (deep inferior epigastric) flap from the lower abdomen was used in one case, a superior gluteal artery perforator (S-GAP) flap was used in the other patient for reconstruction from her buttock. In the third patient, an anterolateral thigh (ALT) flap from the lateral thigh was used for a complex reconstruction of the maxilla and palate after resection for tumor. All of them had preoperative echocolordoppler evaluation of vessel diameter and of maximum, minimum and mean velocity in correspondence of the vessel pedieles and of the perforator vessels. The same measurements were repeated postoperatively in correspondence of the pedicle distally to the anastomosis and on the skin of the flap in correspondence of the perforator. Measurements were made using a GE LOGIQ 400 CL PRO series echocolor Doppler machine. As is well known, ECD measurements do not furnish quantitatively precise values, for many different reasons. First, it is very difficult, in clinical conditions, to be aware of the vessels orientation with respect to the beam. Moreover, it is not possible to make the measures exactly at the same position along the vessel before and after operation. However, this kind of noninvasive diagnostic device is able to give a clear qualitative evidence of the hemodynamic situation• The echocolordoppler measurements show an inversion of the values of both maximum and minimum velocity between pedicle artery and perforator artery, in agreement with the mathematical picture discussed in the previous section. The velocity increases from the artery of the pedicle of bigger diameter to perforator artery of smaller diameters, as in a conduit of decreasing diameter, like perforator artery is, because all branches have been closed. On the opposite, the velocity decreases from the artery with a bigger diameter to the smaller distal artery, because in the normal circulation the cross-sectional diameter of the segment of smaller distal arteries is indeed larger because of the branching that realizes a system in parallel. Furthermore, it is evident that if all branches, and particularly all muscuiar branches, have been closed, all blood that would have nourished muscle and skin, will reach skin. In particular, it is worth to observe that the flow rate decrease in the preoperative picture (natural circuit) from the pedicle to the perforator is much higher than that occurring in the postoperative situation (artificial circuit)• In Table 2 , we report the ratio percentages of the flow rate in the perforator before and after surgery. Is is apparent that Qout/Qin increases significantly• In the third column, we compute the flow rate ratio in postoperative conditions taking account of the perforator's section variability. The ratio decreases with respect to the Hagen-Poiseuille model, however remaining higher than in the preoperative situation. These two phenomena, an increased velocity with an inversion of the gradient of velocity present in normal circulation and an increased flow of blood in the skin, are both very important in the clinical setting and may explain advantages of perforator flaps other than decreased donor site morbidity and sparing of functioning muscles• In fact, increased blood velocity means a lower tendency of the blood to clot and increased flow to the tissues of the flap means a better viability and more nutrients, antibodies, and drugs to both the flap and the recipient site, which is important in situations of poor vascularization of recipient bed or chronic osteomyelitis.
